Abstract. In this paper, we give an example of an autoequivalence with positive categorical entropy (in the sense of Dimitrov, Haiden, Katzarkov and Kontsevich) for any surface containing a (−2)-curve. Then we show that this equivalence gives another counter-example to a conjecture proposed by Kikuta and Takahashi. In a second part, we study the action on cohomology induced by spherical twists composed with standard autoequivalences on a surface S and show that their spectral radii correspond to the topological entropy of the corresponding automorphisms of S.
Introduction
Recently, Dimitrov-Haiden-Katzarkov-Kontsevich [DHKK14] The lower bound log ρ(HH • (φ)) ≤ h 0 (φ) is always true (see [KST18] ). Conjecture 1.1 is known to be true when X is a curve [Kik17] , an abelian surface [Yos17] , a variety with ample (anti)-canonical bundle [KT19] . However, counterexamples have been found, first by Fan [Fan18] for strict Calabi-Yau manifold of dimension ≥ 3, and then by Ouchi [Ouc17] for any K3 surface.
We will replace HH • (φ) by the induced Fourier-Mukai cohomological morphism φ H : H * (X, C) → H * (X, C) thanks to the modified Hochschild-Konstant-Rosenberg isomorphism ( [MS09] , Theorem 1.2).
In the case of surface we show the following, which is our first main result.
Theorem 1.2. Let S be a smooth projective surface and C ⊆ S a (−2)-curve. Let L ∈ Pic(S) be a line bundle satisfying deg C (L| C ) < 0 and consider the autoequival-
Note that, if the surface S contains a (−2)-curve C, then L := O S (C) fits the hypothesis. As a consequence, this gives a counterexample of Conjecture 1.1 in any birational class of surfaces.
The inequality h 0 (ϕ) > 0 is proved in section 3 and the equality log ρ(ϕ H ) = 0 is proved at the end of section 4 (see Corollary 4.7).
Let S be a smooth projective complex surface. In the second part of this paper, we inspect more generally the action on cohomology induced by autoequivalences of
In [Can99] , Cantat shows that if S admits an automorphism f ∈ Aut(S) of positive topological entropy, then S is birational to either (i) P 2 , (ii) a K3 surface, (iii) a 2-dimensional complex torus or (iv) an Enriques surface. In the case (i), S is a blow up of P 2 at 10 or more points. We aim to find an analogue of this theorem relying the birational nature of the surface S with the action on cohomology of its group of autoequivalences Aut(D b (S)). Recall that standard equivalences are the equivalences lying in the subgroup
The classical result of Bondal and Orlov states that equality holds when ±K S is ample.
Our second main result is the following. 
In [Ueh19], Uehara proposes a trichotomy for surfaces in order to understand their groups of autoequivalences. In the case of a surface S for which K S ≡ 0 and S admits no minimal elliptic fibration (N S = 2 in his notation), he conjectured the following description.
) the subgroup generated by spherical twists along objects supported on the union Z of all (−2)-curves. Then 
Notations. For a smooth projective variety X, we denote D b (X) the bounded derived category of coherent sheaves of X.
All the functors we consider are derived but (often) written with their classical notation (e.g. ⊗ instead of ⊗ L ). Recall that closed immersions have no higher direct image, and that the tensor product and the pull back need not to be derived when applied to locally free sheaves.
For any complex F ∈ D b (X), j ∈ Z, we write H j (F ) the j-th cohomology sheaf of the complex. For
) the higher Hom groups.
2. Preliminaries 2.1. Categorical entropy. Let K be a field and T be a K-linear triangulated category of finite type. The definitions and results exposed here come from [DHKK14] , but are also explained in Haiden's lectures notes [Hai15] , section 9.
Let A, B ∈ T be non-zero objects. If B ∈ A , where − denotes the split closure, we can construct a tower of triangles
for some B ′ ∈ T , with k ≥ 0 and n i ∈ Z.
Definition 2.1. We define the complexity of A relative to B as the following function: for all t ∈ R,
where the infimum is taken over all possible towers. Note that δ t (A, B) = +∞ for all t if and only if B / ∈ A .
Proposition 2.2 ([DHKK14], Prop. 2.2). For any non-trivial A, B, C ∈ T we have the following:
• δ t (A, B) depends on A and B only up to isomorphisms,
is a triangulated category of finite type and F : T → T ′ and exact functor, then δ t (F A, F B) ≤ δ t (A, B).
Definition 2.3. Let φ : T → T be an endofunctor. Let G be a split-generator of T such that φ n (G) = 0 for all n ≥ 0. The categorical entropy of φ is defined to be the function
The following lemma is very useful.
+∞) for every t ∈ R and is independant of the choice of the split-generator
In the case of the derived category of a smooth projective variety X, the entropy can be computed as Poincaré polynomials in Ext groups.
2.2. Spherical twists. Let X be a smooth projective variety over C. Spherical twists, introduced by Seidel and Thomas [ST01] , are a really important example of autoequivalence of
Example 2.7. Let X = S be a surface, and C i ֒− → S a (−2)-curve, that is, a curve C ≃ P 1 with self-intersection −2. Then any line bundle O C (a), a ∈ Z, is a spherical object. Indeed, K S · C = 0 by adjunction formula and thus
by projection formula. Now, using [Huy06] , section 11:
and the result comes from direct computation of these Ext-groups since C ≃ P 1 .
Definition 2.8. The spherical twist with respect to a spherical object E ∈ D b (X) is the exact functor given by
i.e. T E (A) is given by the cone of the natural evaluation map.
Proposition 2.9.
[ST01] The spherical twist T E is an equivalence.
Minoration of the categorical entropy
Let S be a smooth complex projective surface,
satisfies this assumptions. Consider the autoequivalence
The goal of this section is to show the following: First, we make some constructions. For any M ∈ Pic(S) we have the distinguished triangle
Now pick P ∈ Pic(S) and apply (− ⊗ P) and R Hom(i * O C , −) to this triangle. We obtain:
Fix deg C (M| C ) = m < 0. We consider the triangle (1) depending on the parameter p := deg C (P| C ). For more clarity, we introduce the following notations.
Thus the triangle (1) can be written as:
Proposition 3.2. For all n ≥ 1 and any P with p < 0, we have
and moreover
Proof. Let's start with computations for n = 1. [Huy06] , Proposition 3.35) and compute i * i * O C using [Huy06] , section 11 again. We obtain:
Since we fixed m < 0, l < 0, p < 0, these Ext groups are non-zero only for k = 2 (and possibly k = 1 if p < −1). Hence we have:
• H j (D(p)) = 0 only for j = 2 (and j = 1 if p < −1) and thus H j (A 1 (p)) = 0 only for j = 4 (and j = 3 if p < −1), • H j (B 1 (p)) = 0 only for j = 2.
Using the long exact sequence in cohomology induced by (2) we have
as it can be read on the following table:
where * means that the space does not vanish, and the empty slots are irrelevant to our calculations. For any n ≥ 1 we have the identities
For n = 1, by (3) we get
Assume that the lemma is true for all p < 0 on rank n − 1. Since l and p are negative, by induction hypothesis and (3) we have
Thus using the long exact sequence in cohomology induced by (2) we obtain
Once again this can be read on the table:
Finally by the identities (3), we obtain
Corollary 3.3. For any M, P with m, p < 0 and n ∈ Z ≥1 , we have
Proof. By induction on Proposition 3.2, we have
Proof of theorem 3.1. Recall that by Orlov [Orl09] , for any very (anti)-ample line bundle M on a smooth projective variety X, the vector bundle
∨ is very ample on S. Thus m := deg C (M| C ) < 0. Now choose a line bundle P ∈ Pic(S) so that P ∨ is very ample. Up to taking powers of P ∨ , we can assume that P
is also very ample (see [Har77] , II, ex. 7.5). Then
. By Corollary 3.3, for any n ≥ 1 we have
we obtain
) has exponential growth. By Lemma 2.4 both terms can be used to compute the categorical entropy h 0 (ϕ), hence To finish the proof of Theorem 1.2, it remains to show that the action of ϕ on the cohomology of S has spectral radius 1. This will be treated in section 4 (see Corollary 4.7).
Action of spherical twists on cohomology
Hence, when φ is an autoequivalence belonging to Pic(S) ⋊ Aut(S) and C is a (−2)-curve, we shall consider, for a ∈ Z, the image φ(O C (a)).
First, for any L ∈ Pic(S), we have L ⊗ O C (a) = O C (a + l) with l := deg C (L| C ). Secondly, consider an isomorphism f : S → S. It induces an isomorphismf : C → C ′ for some (−2)-curve C ′ as the image of a (−2)-curve must be a (−2)-curve, and it's easy to check, writing i and j the natural inclusion of C and a) ). We conclude from this that B is normal in G. In fact, we also have B ∩ Aut(S) = {0} ([IU05], Remark 4.17). Hence, up to a shift, ϕ decomposes as
with b ∈ B, L ∈ Pic(S), f ∈ Aut(S) and such f does not depend on the decomposition.
e. the spectral radius of the morphism is totally determined by the spectral radius of its powers. Hence, we can assume that f preserves each (−2)-curve: f acts by permutation on the set of (−2)-curves which is finite, thus some power of f fixes each of them.
We set
Now, we use Lemma 4.3. Since B is normal in G, for any m ≥ 1 there is a line bundle L m ∈ Pic(S) and equivalences b j ∈ B, j = 2, . . . , m such that
where each b j is given by
for some integers a ′ 1 , . . . , a ′ k ∈ Z (depending on j). In other words, each b j , j = 2, . . . , m is a composition of spherical twists along line bundles over the same curves but with different degrees.
We introduce the following notation: for a morphism g : H * (S, Q) → H * (S, Q), we denote by g 2 : H 2 (S, Q) → H 2 (S, Q) the restriction to H 2 (S, Q) of its composition with the projection p : H * (S, Q) → H 2 (S, Q).
Proposition 4.4. We have
Proof. We write 1 ∈ H 0 (S, Q) the natural generator, [x] ∈ H 4 (S, Q) its dual. We fix a graded basis (1, e 1 , . . . , e k , [x]) of H 2 * (X, Q) composed by homogeneous elements. We have (f 
